ABSTRACT. We introduce complex generalizations of the classical Legendre transform, operating on Kähler metrics on a compact complex manifold. These Legendre transforms give explicit local isometric symmetries for the Mabuchi metric on the space of Kähler metrics around any real analytic Kähler metric, answering a question originating in Semmes' work.
INTRODUCTION
For a function ψ : R N → R its classical Legendre transform is defined as [9, 15] (1.1) ψ * (y) = sup
This transform plays an important role in several parts of mathematics, notably in classical mechanics and convex geometry. Being the supremum of affine functions (of y), ψ * is always convex and in case ψ is convex it equals the Legendre transform of its Legendre transform. One easily verifies (see Section 2) that ψ * = ψ if and only if ψ(x) = x 2 /2, so the Legendre transform is a symmetry on the space of convex functions around its fixed point x 2 /2. In particular this applies when R N = C n . In this case we change the definition slightly and put where a · b := n i=1 a i b i . The reason for this change is that while the supremum in (1.1) is attained if y = ∂ψ(x)/∂x, the supremum in (1.2) is attained if w = ∂ψ(z)/∂z, and one verifies that the unique fixed point is now ψ(z) = |z| 2 . In this connection a very interesting observation was made by Lempert, [13] : Put ω ψ := i∂∂ψ. Assuming that ψ is smooth and strictly convex, g * ωψ = ω ψ , if g(z) = ∂ψ(z)/∂z. It follows from this that (1.3) g * ω n ψ = ω n ψ . The measure ω n ψ /n! =: MA C (ψ) is the complex Monge-Ampère measure associated to ψ, and Lempert's theorem thus implies that MA C (ψ) and MA C (ψ) are related under the gradient map g. This may be compared and perhaps contrasted to the way real Monge-Ampère measures transform under gradient maps, see Section 2.
At this point we recall the definition of the Mabuchi metric in the somewhat nonstandard setting of smooth, strictly plurisubharmonic functions on C n . The idea is to view this space as an infinite dimensional manifold; an open subset of the space of all smooth functions. Its tangent space at a point φ should consist of smooth functions χ such that φ + tχ remains strictly 1 plurisubharmonic for t close enough to zero. This set of course depends on the particular φ we have chosen, but at any rate the tangent space will always contain smooth functions of compact support, so we take by definition the space of such functions as our tangent space. The Mabuchi norm of a tangent vector χ at a point φ is now defined by We will interpret (1.3) as saying that the Legendre transform is an isometry for the Mabuchi metric on the space of convex functions (see section 4). It follows, at least formally, that the Legendre transform maps geodesics for the Mabuchi metric to geodesics, which reflects the so called duality principle for the complex method of interpolation [3] . This is only a special case of Lempert's result, which implies that a much more general class of gradient-like maps are isometries for the Mabuchi metric. In this note we will develop this scheme and define 'Legendre tranforms' for Kähler potentials over a manifold M, usually compact.
For this we note first that the usual Legendre transform is not involutive on all plurisubharmonic functions, but just on convex functions, hence in particular on functions that are close to its fixed point |z| 2 . Imitating this, we start with a (local) Kähler potential φ on M, and define a 'Legendre tranform' depending on φ that is defined for potentials close to φ, fixes φ and is an isometry for the Mabuchi metric. For this to work, we need to assume that φ is real analytic. The definition of the φ-Legendre transform involves a polarization of our real analytic potential, which is locally a function φ C (z, w) defined near the diagonal in M × M. φ C is holomorphic in z, antiholomorphic in w and coincides with φ on the diagonal (these properties determine φ C uniquely). Roughly speaking, the idea is then to replace z ·w by φ C and define our transform as
When φ(z) = |z| 2 this gives us back the Legendre transform of (1.2). Let us first examine this transform in the case of a linear space, the cradle of the classical Legendre transform. Write ∆ C n = {(z, z) ; z ∈ C n } for the diagonal. We say that a smooth function φ on C n is strongly plurisubharmonic if its complex Hessian is bounded from below by a positive constant, uniformly at all points of C n .
n with the following properties:
L φ is an isometry for the Mabuchi metric restricted to U.
The transform in (1.5) works fine if φ, ψ and φ C are defined on all of C n or C 2n , but for functions that are only locally well defined we need to find a variant of the definition that has a global meaning on a manifold. For this it turns out to be very convenient to use a remarkable idea of Calabi, [5] . The Calabi diastasis function is defined as
We then change the above definition by applying it to ψ + φ instead of ψ, and then subtract φ afterwards. This way we arrive at the equivalent transform
Notice that in the classical case when φ(z) = |z| 2 , D φ (z, w) = |z − w| 2 and the transform becomes the familiar variant of the Legendre transform
The point of this is that, as is well known from the work of Calabi, D φ only depends on ω φ = i∂∂φ, i e it does not change if we add a pluriharmonic function to φ. As we shall see this implies that our construction of L φ = L ω φ globalizes and becomes well defined on functions ψ on a manifold M that are close to 0 in the C 2 -norm. Following the ideas, but not the precise proof, of Lempert, we can then verify that L ω φ is an isometry for the Mabuchi metric on U ω φ . Our main result is as follows: 
For u in a smaller neighbourhood
L ω is an isometry for the Mabuchi metric on H ω restricted to U.
THE CLASSICAL LEGENDRE TRANSFORM
As a warm up and for comparison we first briefly look at the classical Legendre transform, (1.1). If ψ is differentiable, and if the supremum in the right hand side is attained in a point x, then y = ∂ψ/∂x =: g ψ (x). Hence we have that
with equality if and only if y = g ψ (x), or in other words
. If moreover ψ is assumed smooth and strictly convex, g ψ is invertible. It follows that ψ * is also smooth, and by the symmetry of (2.1) that the inverse of g ψ is g ψ * . Recall that the (real) MongeAmpère measure of a (smooth) convex function is MA R (ψ) := det(ψ j,k (x))dx. It follows from the above that g * ψ (dy) = MA R (ψ), and g * ψ * (dx) = MA R (ψ * ). We next turn to the Legendre transform of functions on C n and its relation to complex MongeAmpère measures. We then redefine the Legendre transform by (1.2). Equality now occurs when w = ∂ψ(z)/∂z =: g ψ , where we have also redefined the gradient map g to fit better with complex notation. We now give the first case of Lempert's theorem; it should be compared to how real Monge-Ampère measures transform.
Theorem 2.1. (Lempert) With the above notation
so the complex Monge-Ampère measures of ψ andψ are related by g *
(This is simply because when (z, w) lie on Λ, then ∂ψ(z) = w j dz j and∂ψ(w) = z j dw j .) Since the left hand side is a closed form, it follows that
If we pull back this equation under the map z → (z, g ψ (z)) we get ∂∂ψ = g * ψ (∂∂ψ), which proves the theorem.
We remark that the apparent discrepancy between how the gradient map transforms the real versus the complex Monge-Ampère measures can be rectified as follows. First, since [
M has toric symmetry, Theorem 2.1 precisely produces this observation via a careful translation between the real notation and the complex notation (cf. the proof of [6, Proposition 2.1]).
COMPLEX LEGENDRE TRANSFORMS
Let Ω denote a domain in C n . Denote by φ a real-analytic psh function on Ω. Denote by φ C the analytic extension of φ to a holomorphic function on a neighborhood W φ of the diagonal in C n × C n (whenever (M, J) is a complex manifold we denote by M the complex manifold (M, −J)). Such an extension exists since the diagonal
We immediately switch point of view and work from now on in C n × C n , where φ C can be considered as a function on
that is holomorphic in the first factor and anti-holomorphic in the second. Explicitly, if in local coordinates
The Calabi diastasis function associated to a real-analytic strongly psh function φ on Ω ⊂ C n is the function
Note that the first non-zero term in the Taylor series is non-negative as φ is psh. Moreover, denote by π i : C n ×C n → C n , i = 1, 2, the natural projections, i.e., π 1 (z, w) = z, π 2 (z, w) = w. Calabi proves the following [5] .
Lemma 3.1. There exists an open neighborhood
is strongly convex with
We can now define a Legendre type transform associated to φ. For simplicity, whenever we refer to a function in our discussions below, we do not allow the constant function +∞. We denote by uscf the upper semi-continuous (usc) regularization of a function f : X → R,
It is the smallest usc function majorizing f .
Definition 3.2. The complex Legendre transform L φ is a mapping taking a function
Since Re φ C (p, q) is pluriharmonic in q, L φ is psh. The definition depends on V φ , and we discuss that dependence later.
When
n × C n ; we recover, up to a factor of 2, the Legendre transform on R 2n .
Proof. According to Lemma 3.1, whenever
Since the complex Legendre transform is order-reversing then also ψ ≤ φ.
Definition 3.4. Say that a function
ψ : Ω → R ∪ {∞} is φ-convex if ψ = L φ η for some usc function η : Ω → R ∪ {∞}. Lemma 3.5. Let η : Ω → R ∪ {∞} be usc. Then L 2 φ η ≤ η with equality iff η is φ-convex. Proof. Whenever (z, w) ∈ V φ , η(z) + L φ η(w) ≥ 2Re φ C (z, w). Thus, (3.3) L 2 φ η(z) = usc sup w [2Re φ C (w, z) − L φ η(w)] ≤ usc η(z) = η(z). Next, if L 2 φ η = η,then by definition η is φ-convex. It remains therefore to show the converse, and for this it suffices to show that L 3 φ ν = L φ ν for any usc function ν: Ω → R ∪ {∞}. By (3.3), L 3 φ ν ≤ L φ ν. However, L 2 φ ν ≤ ν by (3.3), thus L 3 φ ν ≥ L φ ν.
LEGENDRE DUALITY ON COMPACT MANIFOLDS
Remarkably, a variant of these transforms can be defined on any Kähler manifold M. Let ω be a closed strictly positive real-analytic (1, 1)-form on M. Locally then ω equals √ −1∂∂u for some strongly psh real-analytic function u, and we define u C and subsequently
locally. To check that these definitions are actually consistent globally and give rise to a diastasis function on a non-empty neighborhood of ∆ M it suffices to observe [5] that whenever h is a realvalued function on a ball in C n that is pluriharmonic, i.e.,
Once again, by a variant of Lemma 3.1 [5, Proposition 5] we obtain an open neighborhood V ω of the diagonal on which D ω is nonnegative and strongly convex in each variable and on which ω admits local real analytic Kähler potential u for which u C exists. This neighborhood contains a δ-tubular neighborhood (with respect to some Riemannian metric) of the diagonal, at least whenever M is compact. Now, fix a real-analytic Kähler form ω on M.
We can now define a Legendre transform with respect to ω.
As in the setting of Ω ⊂ C n , the transform also depends on V ωϕ .
Definition 4.2. Say that ψ is
The following lemmas follow in the same manner as Lemmas 3.3 and 3.5. In fact, intuitively, L ω is locally given by 
A GENERALIZED GRADIENT MAP
The fact that Calabi's diastasis D ω is locally uniformly convex in each variable on a neighborhood of the diagonal should, intuitively, ensure the supremum in the definition of L ω is attained in a unique point. In this section we make this intuition rigorous by giving a condition that ensures the supremum is attained. We will discuss only the case of compact manifolds. The case of non compact manifolds, leading up to Theorem 1.1, is proved similarily.
Theorem 5.1. Let (M, ω) be a compact closed real-analytic Kähler manifold. There exists ǫ = ǫ(ω) > 0 such that for every function η satisfying ||η|| C 2 (M ) < ǫ, the supremum in Definition 4.1 is for any q in M attained at a unique point, z = G(η)(q).
If η is of class
Proof. Because M is compact, the neighborhood V ω contains a ball of fixed size, call it δ > 0 (with respect to the the distance function d of the reference metric ω, say), around every point on the diagonal. Fix q ∈ M. Let
We claim that f q attains a unique maximum in
and if ||η|| C 2 (M ) is sufficiently small, f q is uniformly concave on
Thus we see that the maximum of f q over π 1 (V ω ∩ (M × {q})) must be attained at a point in B δ/2 (q), which moreover is unique by the strict concavity of f q . This maximum point is the unique solution z of
We denote this unique solution by z = G(η)(q). Thus,
Since f q is uniformly concave in B δ/2 (q), the Implicit Function Theorem (IFT) implies that G(η)(q) is of class C k−1 in q whenever η ∈ C k . Thus, by (5.3) it follows that L ω ψ ∈ C k−1 .
Next, we claim that G(η) is invertible. To see that, let
The IFT, applied to F t,q , implies that
When t = 0, Lemma 4.3 implies that G(0)(q) = q, so
Combining (5.5) and (5.6) we see that whenever ||η|| C 2 is sufficiently small, the Jacobian of G(tη) is positive definite for all t ∈ [0, 1], hence the Jacobian of G(η) is invertible. This means that G(η) is locally injective, i e that if q = q ′ and d(q, q ′ ) is sufficiently small, then G(η)(q) = G(η)(q ′ ). Since we moreover know that G(η) is uniformly close to the identity, this gives that G(η) is globally injective. Since it is also open, it is a diffeomorphism onto its image.
That the supremum in Definition 4.1 is obtained for z = G(η)(q) means that
Since, for (z, q) ∈ V ω we always have
it follows that
But D ω is smooth, in fact real analytic, so we get, since G(η) is of class C k−1 that ∇L ω (η) is of class C k−1 too. In other words L ω (η) is of class C k . On the other hand, if η is close to zero, we know that G(η) is close to the identity, which is G(0). Hence, by (5.9), ∇L ω (η) is close to ∇L ω (0) = 0. Since it follows directly from the definition that the C 0 -norm of L ω (η) is small if the C 0 -norm of η is small, it follows that L ω (η) is close to zero in the C k -norm if η is close to zero in the C k -norm. In particular, with k = 2, this implies that we can apply the arguments in the beginning of this proof to L ω (η). Then (5.6) implies that L 2 ω (η) = η and that G(L ω (η)) = G(η) −1 . This completes the proof.
THE INVERSE GRADIENT MAP AND THE COMPLEX MONGE-AMPÈRE OPERATOR
As we shall comment later on, our next result can be viewed as a variant of a result of Lempert. As pointed out in the introduction and section 2, this should be compared with the contrasting fact that the real Monge-Ampère operator is pulled-back under the inverse gradient map to the Euclidean measure.
Proof. Since the statement is local we look at a neighborhood W ⊂ M where we have a realanalytic Kähler potential φ of ω. By definition, for (z, w)
with equality precisely when z = G(ψ)(w). Let Λ be the set where this holds. Then, when (z, w) ∈ Λ,
In other words (since
This means that the identity holds when both sides are considered as forms on C 2n and (z, w) lies on Λ. Since Λ is the graph of G(ψ), Λ is a manifold of real dimension 2n. Let p 1 and p 2 be the projections of W × W to the first and second factors, and let π 1 and π 2 be their restrictions to Λ. By Theorem 5.1, π 1 and π 2 are invertible maps and
By (6.1) and (6.2),
Hence the same identity holds when we restrict both sides to Λ as differential forms. Since the left hand side is a closed form, it follows that
If we apply (π
2 ) * to this equation we get
By (6.3) it follows that
so we are done.
THE MABUCHI METRIC
Let M be a closed compact Kähler manifold. Recall that if ω is a Kähler form on M, the space of ω-plurisubharmonic functions, H ω is the space of smooth functions on M such that ω ψ := √ −1∂∂ψ + ω > 0. This is an open subset of the space of smooth functions and inherits a structure as a differentiable manifold from the one on C ∞ (M). The tangent space to H ω is the space of smooth functions on M and one defines a weak Riemannian metric on H ω by
and let
By the implicit function theorem the equation
defines z as a function of η, z = z(η), and since z(η) is the point maximazing f q (z, η) for given η we have that z(η) = G(η)(q) (which we now regard as a function of η, while q is fixed). Hence we see that
Hence, by the chain rule
we are done. 
Proof. Properties (ii) and (iii) are the content of Lemma 4.3 and Theorem 5.1. We turn to proving (i). Indeed, by Theorem 5.1 and Proposition 7.1
This theorem should be seen in the light of the picture of H ω as a symmetric space, put forward by Mabuchi, Semmes and Donaldson, [14, 21, 7] . In these works H ω is first studied as a Riemannian manifold, its curvature tensor is computed and is found to be covariantly constant. In the finite dimensional case, this implies the existence of symmetries around any point in the space. As described in §8.1, Semmes has also found symmetries for the Mabuchi metric, but to our knowledge the ω ϕ -Legendre transforms are the first examples of explicit symmetries for H ω . It would be interesting to generalize the theorems of Artstein-Avidan-Milman [1] and Böröczky-Schneider [4] to this setting and investigate whether these are all the symmetries of H ω under some reasonable regularity assumptions.
From Theorem 7.2 it follows in particular that the ω-Legendre transform maps geodesics in H ω to geodesics. By the work of Semmes [21] , geodesics in H ω are precisely given by solutions of the homogenous complex Monge-Ampère equation, so that a curve t → ψ t (z) = ψ(t, z) , where t lies in a strip 0 < Re t < 1 and ψ depends only on the real part of t, is a geodesic in H ω if and only if
One main motivation for Lempert's work was to find symmetries of the inhomogenous complex Monge-Ampère equation. Here we find a somewhat different kind of symmetries for the homogenous complex Monge-Ampère equation (HCMA). The applicability of this may be somewhat limited by the absence of positive existence results for geodesics, but if we change the set up slightly and consider functions ψ defined for t in a disk instead of a strip, there is at least one setting in which our theorem applies. Considering boundary data s → ψ s on the unit circle that happen to extend to a smooth solution of the HCMA, then the same thing holds for sufficiently small perturbations of the data [8] , see also [16] . Taking the given boundary data to be identically equal to 0, for which trivially an extension exists, we see that any boundary data that are sufficiently small can be extended to a solution of the HCMA, ψ t with t in the disk ∆. Theorem 7.2 shows that then L ω (ψ t ) also solves the HCMA. Indeed, solutions of the HCMA are critical points of the energy functional induced by the Mabuchi metric
and as shown above the energy functional is preserved under the ϕ-Legendre transform. If z are local coordinates on M it induces local coordinates (z, ξ) on T * (M), so that a one-form, i e a point in T * (M) can be written ξ j dz j . There is a standard holomorphic symplectic form Ω on T * (M) that in such coordinates is written Ω = dξ j ∧ dz j . A (local) holomorphic map from T * (M) to itself, F , is symplectic if F * (Ω) = Ω, and Lempert's construction depends on the choice of such a symplectic map. Another ingredient is a differentiable real valued function ψ on M. From ψ we get a gradient map
which is a section of T * (M). Lempert's generalized gradient map is the map from M to itself
where π is the projection from T * (M) to M. He then defines a generalized Legendre transform by
where Σ is a generating function of the symplectic tranformation F . This means that Σ is holomorphic on T * (M) and satisfies
Such a generating function exists at least locally since the right hand side is a closed form if F is symplectic. We indicate briefly how this translates to our set up. First, there is a minor difference that we work with a symplectic form and generating function that is holomorphic in z and antiholomorphic in ξ, but the major difference is that we chose a different kind of generating function. The symplectic transformation F gives a map from T * (M) to M by w = π(F (z)). For special symplectic maps (sometimes called free canonical transformations) one can choose (z, w) as coordinates on T * (M) and express the generating function in terms of these coordinates instead. Locally, our construction amounts to choosing φ C (z, w) as such a generating function. If we define a symplectic transformation using φ C as a generating function one can check that our Legendre transform coincides with Lempert's. 8.2. Semmes' work. Another major motivation for our work is Semmes' work [21] and we now relate the previous theorem to his work. Semmes starts by endowing the holomorphic cotangent bundle (T * ) 1,0 M with the complex structureĴ induced by pulling back the standard complex structure (induced by the complex strucutre J on M) under the (locally defined) maps [21, p. 530] (z, λ) → (z, λ + ∂ z φ).
This is well-defined and independent of the choice of local potential φ for ω since ∂ z φ − ∂ z φ ′ is holomorphic whenever φ ′ is another such choice. To any smooth Kähler potential ψ, Semmes then associates the submanifold Λ ψ , the graph of ∂ψ in (T * ) 1,0 M. Under the biholomorphism between ((T * ) 1,0 M,Ĵ) and ((T * ) 1,0 M, J) the standard tautological 1-form α = λ i dz i and holomorphic symplectic form Ω = dz i ∧ dλ i on the latter are pulled back to forms that we denote byα andΩ. Then √ −1Ω| Λ ψ = √ −1∂∂(φ + ψ) = ω ψ . Semmes goes on to observe that whenever ϕ is real-analytic, there exists an involutive anti-biholomorphism of a neighborhood of Λ ϕ in ((T * ) 1,0 M,Ĵ) whose fixed-point set equals Λ ϕ . Thus, if ψ is sufficiently close to ϕ in C 2 then Λ ψ is mapped to another submanifold that must be of the form Λ η for some η. Theorem 6.1 precisely establishes that this involution is given by our generalized gradient map G ϕ (ψ), so G ϕ (ψ)(Λ Lωψ ) = Λ ψ .
